Abstract. The purpose of this paper is to study a class of quotient modules of the Hardy module H 2 (D n ). Along with the two variables quotient modules introduced by W. Rudin, we introduce and study a large class of quotient modules, namely Rudin's quotient modules of H 2 (D n ). By exploiting the structure of minimal representations we obtain an explicit co-rank formula for Rudin's quotient modules.
Introduction
This paper is concerned with the question of generating vectors for a commuting tuple of bounded linear operators on a separable Hilbert space. Let T := (T 1 , . . . , T n ) be an n-tuple (n ≥ 1) of commuting bounded linear operators on a separable Hilbert space H, and let S be a non-empty subset of H. The T -generating hull of S is defined by The rank of the tuple T is the unique number rank T defined by rank T = inf{#S : S ⊆ H, [S] T = H} ∈ N ∪ {∞}.
We say that S is a T -generating subset if [S] T = H. In this case, we also say that the elements in S are T -generating vectors of H. One of the most intriguing and important open problems in operator theory, closely related to the invariant subspace problem, is the existence of nontrivial generating set for a tuple of operators. Also one may ask when the rank of T is finite.
This problem is known to be hard to solve in general. Nevertheless, one has a better chance in the special case of the restriction (compression) of tuple of multiplication operators, M z = (M z 1 , . . . , M zn ), to a joint M z -invariant (co-invariant) subspace of an analytic reproducing kernel Hilbert space H over a domain in C n . The reason behind this hope is that underlying analytic structure of the kernel function could provide useful information regarding the restriction (compression) of M z to a joint M z -invariant (co-invariant) subspace of H.
In this paper, we confine our attention to a class of quotient Hilbert modules, namely "Rudin's quotient modules", after W. Rudin ([11] ), of the Hardy module H 2 (D n ) over the unit polydisc D n . We focus here mainly on the study of (M * z 1 | Q , . . . , M * zn | Q )-generating sets of a Rudin's quotient module Q of H 2 (D n ).
To be more precise we must introduce some notations first.
Let n ≥ 1 be a natural number and D n be the open unit polydisc in C n . The Hardy module H 2 (D n ) over D n is the Hilbert space of all holomorphic functions f on D n such that
where dz is the normalized Lebesgue measure on the torus T n , the distinguished boundary of D n , and rz := (rz 1 , . . . , rz n ) (cf. [11] ). For each i = 1, . . . , n, define the multiplication operator by the coordinate function z i as
that is, (M z 1 , . . . , M zn ) is a doubly commuting tuple of isometries.
For notational simplicity we shall let rank S := rank M z | S , and co-rank Q = rank M z | Qϕ (see Proposition 2.1). In particular, Q ϕ is singly star-generated.
The above conclusions fail if we replace
The following counterexample, due to Rudin [11] , is particularly concise and illustrate the heuristic ideas behind our general consideration: Let S be a submodule of
which have a zero of order greater than or equal to m at (0, α m ) = (0, 1 − m −3 ). Then rank S = ∞. Without giving a proof we note that the above submodule can be represented in the following way (see [15] ):
where Φ = {ϕ m } m≥0 is the decreasing sequence of Blaschke products defined by
Here and throughout this paper, for each α ∈ D, we denote by b α the Blaschke factor
Subsequently, Rudin's result was improved and analyzed for submodules and quotient modules of H 2 (D 2 ) by several authors, such as Ahern and Clark [2] , Agrawal, Clark and Douglas [1] , K. J. Izuchi, K. H. Izuchi and Y. Izuchi [5] , [6] , Seto and Yang [15] .
Inspired and motivated by the above fact, we introduce the notion of a Rudin's quotient module: Let Φ i = {ϕ i,k } ∞ k=−∞ be a sequence of Blaschke products (see (2.1)) for all i = 1, . . . , n. Moreover, we assume that for each i = 1, . . . , n, {ϕ i,k } ∞ k=−∞ has a least common multiple ϕ i , that is, ϕ i,k |ϕ i for all −∞ < k < ∞ and if ψ i is a Blaschke product with the same property and ψ i |ϕ i , then ψ i is a constant multiple of ϕ i . The Rudin's quotient module corresponding to Φ :
As we have already mentioned, when n = 2, in various situations, such Rudin's quotient module were already considered by Rudin [11] , K. J. Izuchi et al. [5, 6] , Young and Seto [15] and Seto [14] (for n ≥ 2, see Douglas et al. [8] , Guo [9, 10] , Sarkar [13, 12] and Chattopadhyay et al. [3] ). The purpose of this paper is to compute and analyze the co-rank of Q Φ . We also consider the case when some of the inner sequences are increasing sequence of Blaschke products and rest of them are decreasing sequence of Blaschke products. Along the way, we obtain some results concerning minimal representations and compute co-ranks of a class of quotient modules of H 2 (D n ). Some of our main results are generalizations of theorems due to K. J. Izuchi, K. H. Izuchi and Y. Izuchi [5] . One of our main results, Theorem 5. The remainder of the paper is organized as follows. In the preliminary Section 2, we set up notations, definitions and results needed further. In Section 3, we introduce and investigate minimal representations of a class of finite dimensional quotient modules of H 2 (D n ). Section 4 is devoted to the minimal representation of a zero-based quotient module of H 2 (D n ). In Section 5, the theory of Sections 3 and 4 is applied to obtain the main results of this paper. In the last section, we give some (counter-) examples of Rudin's quotient module of H 2 (D 2 ).
Preliminaries and preparatory results
In this section we gather some facts concerning quotient modules of H 2 (D). We begin with the result that any quotient module of H 2 (D) is singly generated.
Thus it follows that M * ψ f ∈ Q θ and
. Thus g = θh and together with g ∈ Q θ imply that g = 0. The proof is complete.
A pair of non-constant inner functions ϕ and ψ is said to be relatively prime if ϕ and ψ do not have any common non-constant inner factor. An immediate consequence of the above proposition is as follows: Corollary 2.3. Let ϕ and ψ be two relatively prime inner functions and f be a star-cyclic vector of Q ϕ . Then M * ψ f is also a star-cyclic vector of Q ϕ . We now specialize to the case where ϕ is a Blaschke product, that is,
where
is a sequence of natural numbers and {α m } ∞ m=1 ⊆ D is a sequence of distinct scalars satisfying
be a Blaschke product, and let I ϕ denote the set of all relatively prime inner factors of ϕ such that
Note that I ϕ is a countable set and contains non-constant inner functions. Moreover, for each ξ ∈ I ϕ , there exists a unique prime inner function P (ξ) and an integer m ∈ N \ {0} such that
In particular if ϕ is of the form (2.1), then
The following result relates the aspect of relatively prime factors of a given inner function ϕ to the corresponding quotient module Q ϕ .
Lemma 2.4. Let ϕ be a Blaschke product. Then
This implies that
Q ξ ⊆ Q ϕ for all ξ ∈ I ϕ , and therefore ξ∈Iϕ Q ξ ⊆ Q ϕ .
We now proceed to prove the other inclusion.
for all ξ ∈ I ϕ , that is, f ∈ ξ∈Iϕ ξH 2 (D). Since I ϕ contains only relatively prime Blaschke products, it follows that
This completes the proof.
As a corollary, we obtain the following useful fact for tensor product of quotient modules:
be a collection of Blaschke products. Then
The following lemmas are both simple and useful.
be inner functions such that ξ j |η j for some 1 ≤ j ≤ n.
Lemma 2.7. Let T = (T 1 , . . . , T n ) be a commuting tuple of operators on a Hilbert space H, and let Q be a joint T * -invariant closed subspace of H. Then
Proof. If rank T = ∞, then there is nothing to prove. So, let {f 1 , . . . , f m } ⊆ H be a Tgenerating set for some m ∈ N. Since P Q T j P Q = P Q T j for all j = 1, . . . , n, we have
for all l = 1, . . . , m and k ∈ N n . On the other hand, since
Co-ranks of finite dimensional quotient modules
In this section we determine co-ranks of some finite dimensional quotient modules of H 2 (D n ). This will be particularly useful in the next section when we consider minimal representations of quotient modules.
Before proceeding further, we find more useful descriptions of finite dimensional quotient modules of H 2 (D n ). Recall that a quotient module Q ϕ is finite dimensional if and only if ϕ is a finite Blaschke product, which is unique up to the circle group T, and orderϕ = dim Q ϕ . Here our main interest concern the case of ϕ = b m α , where α ∈ D and m ∈ N. We first observe that for α ∈ D and m ≥ 1, {b
j=0 is an orthogonal basis of the quotient module Q b m α . A simple calculation reveals that
where S(·, α) is the Szegö kernel on D defined by
) is an isometry, we have
where m ≥ 1 and P C(b We next introduce a new class of quotient modules which is based on submodules vanishing at a point of D n . Given α = (α 1 , . . . , α n ) ∈ D n and a finite subset A of (N \ {0}) n , let Q(α; A) be the quotient module defined by
Now we want to find a minimum cardinality subsetÃ of A such that Q(α; A) = Q(α;Ã). In order to findÃ, first observe that for (l 1 , . . . , l n ), (l
, which implies that
, and hence we remove (l 1 , . . . , l n ) from A. By continuing this process we eventually obtain a setÃ ⊆ A of minimal cardinality such that
It should be noted that for any pair (l 1 , . . . , l n ) and (l We remark here that any finite dimensional quotient module of H 2 (D n ) is span closure of finite number of quotient modules of the form Q(α;Ã) (cf. [2] , also see Douglas, Paulsen, Sah and Yan [8] , Guo [9, 10] and Chen and Guo [4] ).
This minimal representation of Q(α; A) plays a fundamental role in calculating the co-rank of a Rudin's quotient module Q. Here is one example. Proof. Let #Ã = r. Without loss of generality we assume thatÃ = {(
, where k = 1, . . . , r, and j = 1, . . . , n.
, for all k = 1, . . . , r, so that co-rank Q(α;Ã) ≤ r. The reverse inequality will follow, by virtue of Lemma 2.7, if we can construct a closed subspace E ⊆ Q(α;Ã) such that Q(α;Ã) ⊖ E is a quotient module of H 2 (D n ) and rank E = r for (P E M *
, for all k = 1, . . . , r. By virtue of (3.7) we conclude that {g k } r k=1 is an orthogonal set, and hence E := r k=1 Cg k is an r dimensional subspace of Q(α,Ã) and Q(α;Ã) ⊖ E is a quotient module of H 2 (D n ). Now from (3.1) it follows that
and by (3.7) we have g k ′ , M * z i g k = 0 for any 1 ≤ k < k ′ ≤ r and 1 ≤ i ≤ n. Thus using (3.2) one can have
. . , n, and k = 1, . . . , m. This implies that
Since dim E = r, we see that rank E = r for (
. This completes the proof.
Minimal representations of quotient modules
Let ϕ be a Blaschke product and ξ be a non-constant factor of ϕ. The order of ξ in ϕ, denoted by ord(ϕ, ξ), is the unique integer m such that ϕ = ξ m ψ for an inner function ψ and ξ |ψ. In particular if b α is a prime factor of ϕ, then ord(ϕ, b α ) denotes the zero order of ϕ at α.
For the rest of this paper, we fix Φ = (Φ 1 , . . . , Φ n ), where Φ i = {ϕ i,k } ∞ k=−∞ is a sequence of Blaschke products with a least common multiple ϕ i , i = 1, . . . , n. Our main concern here is to analyze and compute the co-rank of the following Rudin's quotient module (4.1)
is the prime inner function corresponding to ξ i and
Thus (ξ 1 , . . . , ξ n ) ∈ Λ k corresponds precisely to a tuple of prime inner functions (P (ξ 1 ), . . . , P (ξ n )) and a tuple of natural numbers (l 1,k , . . . , l n,k ) ∈ N n . Moreover,
Also, note that for each i = 1, . . . , n, P (ξ i ) = b α i for some α i ∈ D. Based on this observation, we define the zero set of the tuple (ξ 1 , . . . , ξ n ) ∈ Λ m as follows:
Note that Z(ξ 1 , . . . , ξ n ) is a countable and non-empty set (since m ∈ Z(ξ 1 , . . . , ξ n )). If we define the quotient module Q(ξ 1 , . . . , ξ n ) by
then by (4.4) it follows that
This sets the stage for the following result concerning a minimal representation of Q(ξ 1 , . . . , ξ n ):
. . , ξ n ) be as in (4.5) for some (ξ 1 , . . . , ξ n ) ∈ Λ. Then there exists a finite subsetZ(ξ 1 , . . . , ξ n ) of Z(ξ 1 , . . . , ξ n ) with minimal cardinality such that
Proof. First consider the set of tuples {(l 1,k , . . . , l n,k ) ∈ N n : k ∈ Z(ξ 1 , . . . , ξ n )}, where l i,k is defined as in (4.3) for i = 1, . . . , n. Then constructZ(ξ 1 , . . . , ξ n ) ⊆ Z(ξ 1 , . . . , ξ n ) by removing those k ∈ Z(ξ 1 , . . . , ξ n ) for which there exists k ′ ∈ Z(ξ 1 , . . . , ξ n ) such that l i,k ′ ≥ l i,k for all i = 1, . . . , n. Then the equality (4.6), forZ(ξ 1 , . . . , ξ n ) as constructed above, follows from (3.4) and (3.5). Finally, since the sequence {ϕ i,k } ∞ k=−∞ has a least common multiple, we obviously have
and hence it follows that the cardinality of {(l 1,k , . . . , l n,k ) ∈ N n : k ∈ Z(ξ 1 , . . . , ξ n )} is finite. ThereforeZ(ξ 1 , . . . , ξ n ) is a finite set. This concludes the proof of the proposition.
We will call the representation in (4.6) the minimal representation of Q(ξ 1 , . . . , ξ n ). The following result is useful in connection with the existence of minimal index setZ(ξ 1 , . . . , ξ n ). Proof. Let us set, for i = 1, . . . , n, P (ξ i ) = b α i , for some α i ∈ D, and α = (α 1 , . . . , α n ). Using the notation in (3.3), we have
and Q(α;Ã(ξ 1 , . . . , ξ n )) is the minimal representation of Q(α; A(ξ 1 , . . . , ξ n )). Then the desired equality follows from Proposition 3.1. This completes the proof. Now we observe that for (ξ 1 , . . . , ξ n ), (ξ
where [Λ] := Λ/ ∼ is the set of all equivalence classes in Λ.
Co-rank of Q Φ
In this section we compute the co-rank of the quotient module of the form (4.1).
Theorem 5.1. Let {ϕ i,k } ∞ k=−∞ be a sequence of Blaschke products with a least common multiple inner function ϕ i , i = 1, . . . , n, and let
where Λ is as in (4.2) and for (ξ 1 , . . . , ξ n ) ∈ Λ,Z(ξ 1 , . . . , ξ n ) is the minimal index set for the minimal representation of Q(ξ 1 , . . . , ξ n ) as in (4.6).
Proof. By Proposition 4.2, we have
Now to see the first equality, let (ξ 1 , . . . , ξ n ) ∈ Λ. Set
where l i,m = order (ϕ i,m , P (ξ i )), m ∈Z(ξ 1 , . . . , ξ n ), and 1 ≤ i ≤ n. Since {ϕ i,k } ∞ k=−∞ has a least common multiple, then a i < ∞, and
is a Blaschke product for all i = 1, . . . , n. Since ϕ i (ξ i ) and P (ξ i ) t are relatively prime for any t ∈ N \ {0} and i = 1, 2, . . . , n, by Corollary 2.3 we conclude that
for all m ∈ Z(ξ 1 , . . . , ξ n ). On the other hand, let (ξ
Thus combining (5.2) and (5.1), we have
To prove the reverse inequality, we may assume that
It is thus enough to show that Q Φ is (co-)generated by m 0 vectors. We proceed next with the detailed construction of a co-generating set of vectors of cardinality
In this setting, we relabel the set of unit vectors {f m (ξ 1 ) ⊗ · · · ⊗ f m (ξ n ) : m ∈Z(ξ 1 , . . . , ξ n )} by defining a bijective function g : {1, . . . , #Z(ξ 1 , . . . , ξ n )} →Z(ξ 1 , . . . , ξ n ), and letting
Thus corresponding to each (ξ 1 , . . . , ξ n ) ∈ [Λ], we have m 0 number of vectors of the above form. We now use these facts to define and using (5.2) and (5.1) we conclude that
. Hence we obtain Q(ξ 1 , . . . , ξ n ) ⊆ Ω for all (ξ 1 , . . . , ξ n ) ∈ [Λ], and consequently Ω = Q Φ . As a result we have co-rank Q Φ ≤ m 0 , and this concludes the proof.
Let A {1, . . . , n} and Φ i = {ϕ i,k } ∞ k=−∞ be a sequence of Blaschke products with no common non-constant inner function, i = 1, . . . , n. The contents of the last section can be adopted to a general class of Rudin's quotient modules Q Φ , where Φ i is increasing for i ∈ A and decreasing for i ∈ B := {1, . . . , n} \ A. In this case for each (ξ 1 , . . . , ξ n ) ∈ Λ,
where r 1 = min{k ∈ Z : P (ξ i )|ϕ i,k for all i ∈ A}, and (5.4)
Note first that |r 1 |, |r 2 | < ∞. This follows from the fact that Φ i , i = 1, . . . , n, does not have any common inner factor. Consequently, Z(ξ 1 , . . . , ξ n ) is a finite set. Note that in the proof of Theorem 5.1, the assumption that each of the sequence has least common multiple has been used to ensure that #Z(ξ 1 , . . . , ξ n ) < ∞ and also used to construct inner functions so that (5.1), (5.2) and (5.3) holds. In the present consideration, we can still do this by defining
where i = 1, . . . , n, and r 1 and r 2 are as in (5.4). We can see now the proof of the co-rank equality, as in Theorem 5.1, for this quotient module follows along the same line as the proof of Theorem 5.1. Therefore, we have the following theorem:
Theorem 5.2. Let A be a proper non-empty subset of {1, . . . , n} and B := {1, . . . , n} \ A, and let Φ i = {ϕ i,k } ∞ k=−∞ be a sequence of Blaschke products with no common non-constant inner function, i = 1, . . . , n. Also let Φ i be increasing for all i ∈ A and decreasing for all i ∈ B. Then co-rank Q Φ = sup
Remark 5.3. The above theorem, restricted to n = 2 case, is related to Theorem 4.2 in [5] . However, the formulation of Theorem 4.2 in [5] turns out to be incorrect. This will be discussed at the end of the final section.
In the present context, for (ξ 1 , . . . , ξ n ) ∈ Λ, it is also possible to describe the setZ(ξ 1 , . . . , ξ n ). Let l i,k = order(ϕ i,k , P (ξ i )), as before (see (4.3) ), for all i = 1, . . . , n and k ∈ Z(ξ 1 , . . . , ξ n ). Note that l i,k ≥ l i,k+1 for all i ∈ B, and l i,k ≤ l i,k+1 for all i ∈ A. Now we proceed to construct Z(ξ 1 , . . . , ξ n ) as follows. Set
It is clear that r 1 ∈ I(ξ 1 , . . . , ξ n ) and henceZ(ξ 1 , . . . , ξ n ) = {r 1 } when #I(ξ 1 , . . . , ξ n ) = 1. Now suppose we have #I(ξ 1 , . . . , ξ n ) = m + 1 > 1, for some m ∈ N, and (without loss of any generality)
The above discussion, along with Theorem 5.2, may be summarized in the following. Moreover, for all (ξ 1 , . . . , ξ n ) ∈ Λ,
where I(ξ 1 , . . . , ξ n ) is as in (5.7), and η i,k j is as in (5.8).
Concluding Remarks
We now present a simple example which illustrate the main idea of this paper. Let {{α i,k } ∞ k=−∞ : i = 1, . . . , n} be a collection of sequences of distinct points in D such that
Let A be a proper non-empty subset of {1, . . . , n} and B := {1, . . . , n} \ A. Also consider the following sequences of Blaschke products
Consequently, {ϕ i,k } ∞ k=−∞ is an increasing sequence for each i ∈ A and decreasing sequence for each i ∈ B. Let (ξ 1 , . . . , ξ n ) ∈ Λ m for some m ∈ Z. Then ξ i = b α i,k i , where k i ≥ m for all i ∈ B and k i ≤ m for all i ∈ A. In this case, r 1 = max{k i : i ∈ A} and r 2 = min{k i : i ∈ B}. From the fact that the set of points are distinct, we deduce that I(ξ 1 , . . . , ξ n ) = {r 1 }. Hencẽ  Z(ξ 1 , . . . , ξ n ) = {r 1 }, and consequently, co-rank Q Φ = 1.
To end this paper, we construct a counter example, as promised in Remark 5.3, to point out an error in the formulation of Theorem 4.2 in [5] .
Let Φ = {ϕ m } ∞ m=−∞ be a decreasing sequence of Blaschke products, and let Ψ = {ψ m } ∞ m=−∞ be an increasing sequence of Blaschke products such that each of the sequence does not have any non-constant common inner factor. First, for the sake of convenience we state Theorem 4.2 from [5] . and (α j , β j ) j≥1 is the enumeration of the countable set Z = {(α, β) ∈ D 2 : ϕ m (α) = ψ m (β) = 0 for some m ∈ Z}.
We need some more notations in the spirit of [5] . For j ≥ 1 and (α j , β j ) ∈ Z, define Z j = {n : ϕ n (α j ) = ψ n (β j ) = 0, −∞ < n < ∞}, , where r j,n = ord(ϕ n , b α j ) and s j,n = ord(ψ n , b β j ) for all n ∈ Z j . We note first that the proof of Theorem 6.1 (or Theorem 4.2 in [5] ), as pointed out by the authors, is based on the following identity: (6.1) #{n : ζ n (α j ) = ξ n (β j ) = 0, −∞ < n < ∞} = m j , where j ≥ 1, (α j , β j ) ∈ Z and m j is the minimum number required to represent the quotient module N j . However, the above equalities does not hold in general, and hence Theorem 6.1 is also incorrect. The next example demonstrates that the above equality and Theorem 6. Z j = {k, k + 1, k + 2, k + 3}, and (6.2) N j = Q ba 2 ⊗ Q bc ∨ Q ba ⊗ Q bc ∨ Q ba ⊗ Q bc 2 ∨ Q ba ⊗ Q bc 2 = Q ba 2 ⊗ Q bc ∨ Q ba ⊗ Q bc 2 . The above identity shows that m j has to be 2, and hence (6.1) is not correct.
Also note that for any (α j , β j ) ∈ Z, #{m : ζ m (α j ) = ξ m (β j ) = 0, m ∈ Z} ≤ 1.
Therefore, by Theorem 6.1, the co-rank of the quotient module Q (Φ,Ψ) is 1. However, since the the co-rank of N j = 2 (follows from (6. 
